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Abstract
We investigate possibility of central extension for non-relativistic conformal algebras
in 1+1 dimension. Three different forms of charges can be suggested. A trivial charge
for temporal part of the algebra exists for all elements of l-Galilei algebra class. In
attempt to find a central extension as of CGA for other elements of the l-Galilei class,
possibility for such extension was excluded. For integer and half integer elements of the
class we can have an infinite extension of the generalized mass charge for the Virasoro-
like extended algebra. For finite algebras a regular charge inspired by Schro¨dinger
central extension is possible.
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1 Introduction
Central charge plays a crucial role in connection between 2 dimensional critical phenomena
and conformal field theory. The classification of the Virasoro algebra representations is solely
done on the basis of the value of c, and the universality classes of critical phenomena in 2d
are characterized based on the value of c. In 2d, unitarity and scale invariance is sufficient
to ensure conformal invariance; hence conformal invariance of critical phenomena is assured.
Wilson uses renormalization group (RG) [1,2] to make an encompassing theory of Widom [3]
and Kadanoff’s scaling hypothesis [4]. Using this frame work he managed to explain many
features of critical phenomena. Despite this spectacular success of RG, the spectrum of fixed
points was not given; it was conformal field theory (CFT) [5] that succeeded in giving at
least a partial answer to this question.
Local scale invariance, in 2d can be understood as invariance under any (Anti) holomor-
phic transformation on the complex plane. The generators of this symmetry form the Witt
algebra:
[Lm, Ln] = (m− n)Lm+n. (1.1)
Other commutators are similar for the chiral elements and cross commutators are trivial.
However the quantum theory gives rise to an anomaly for the operator product expansion of
the energy-momentum tensor, leading to a central charge in the above algebra. Hence the
Virasoro algebra appears :
[Lm, Ln] = (m− n)Lm+n + CR
12
n(n2 − 1)δn,−m (1.2)
with a similar change in the chiral component and a separate central charge CL . Imposing
unitarity requires the two central charges to be equal. Interestingly, requiring the represen-
tations of the Virasoro algebra representations to be finite dimensional leads to the minimal
series. This is a series of CFTs which have :
C = 1− 6
m(m+ 1)
, m = 2, 3, ... (1.3)
In this way a whole spectrum of critical points appear [6]. For example m=3 or c=1/2
corresponds to the critical point of the Ising model [7]. The obvious question is can one do the
same for non-relativistic conformal algebras. Interest in non-relativistic conformal algebras
has recently grown. They appear as the asymptotic symmetry in AdS/CFT construction [8]-
[11], mathematicians have paid attention to the mathematical structure of these algebras (See
for example [12] and references there in), and in condensed matter physics many applications
have been suggested [13,14].
The best known non-relativistic conformal algebra is the Schro¨dinger algebra which de-
scribes symmetries of the Schro¨dinger equation [15, 16]. Beside Galilean invariance this
algebra respects scaling invariance:
x→ λx, t→ λzt. (1.4)
Unlike the standard CFT, here we have anisotropic scaling in space and time with an index
z. Another conformal algebra in is the Conformal Galilean Algebra (CGA) which in 2D is
obtained by a contraction of the conformal algebra [17].
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Both Schro¨dinger algebra and CGA belong to a class of non-relativistic algebras named
l-Galilei algebras [18, 19]. These algebras fuse Galilean invariance, causality and scaling in
space and time. Each member of this class is characterized by an index ”l” related to the
dynamic exponent via z=2/l. Among these algebras Schro¨dinger algebra and CGA are most
explored [20]- [40]. In Schro¨dinger algebra, we have an infinite Virasoro like extension which
is called Schro¨dinger-Virasoro algebra [41]. This algebra has a ”Mass” central extension
which helps to realize the representation theory of the algebra. Besides, it is conserved
as a superselection rule in correlation functions. For CGA the story of central charge is
interesting. In 1+1 dimensions a satisfactory understanding of this algebra exists [42]. In
2+1 dimensions, there is a known central charge which is called ”Exotic” [31]. Physical
realization of this charge and symmetry has been of interest. The other elements of l-Galilei
algebras are less known1. Even their representation theory and correlation functions have not
yet been worked out. Concerning central charge some progress has been made by Martelli
and Tachikawa [45].
In this paper we try to find possible central extensions for these symmetries. This paper
is organized as follows. In section 2 we review Schro¨dinger algebra and its central extension.
We then look at CGA in section 3. The core of our paper is in section 4 where we have
investigated possible central extension on all element of l-Galilei algebra in 1+1 dimension.
We conclude our paper in section 5.
2 Schro¨dinger Algebra and Mass Central Charge
Schro¨dinger algebra represents symmetries of Schro¨dinger equation. Similar to all other
non-relativistic conformal algebras, generators of Galilean transformation:
Pi = −∂i, H = −∂t, B = −t∂i, Jij = −(xi∂j − xj∂i), (2.1)
are included in this algebra. Beside these generators, Schro¨dinger algebra consists two other
generators which are dilation
D = −(t∂t + 1
2
xi∂i), (2.2)
and Special Schro¨dinger Transformation (SCT):
K = −(txi∂i + t2∂t). (2.3)
These generators produce transformations as:
~x→ R~x+ ~vt
2 +~b
γt+ δ
, t→ αt+ β
γt+ δ
(2.4)
in which R ∈ SO(D) and αδ−βγ = 1. It is known that the algebra in its current form is still
incomplete to thoroughly represent symmetries of Schro¨dinger equation. If one considers a
plane wave ψE,~p = a exp(iEt− i~p.~x), the action of translation on ψ is defined as:
TP (~b)ψ(~x) = ψ(P (−~b)(~x, t)). (2.5)
1For a discussion on physical significance of elements with l = 4 and l = 6 see [43,44]
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It is observed that as one expects the result is another solution of Schro¨dinger equation. For
the action of boost however a problem has been arisen. For a boost ~v it is expected that
TB(~v)ψ(~x) = ψ(B(−~v)(~x, t)). (2.6)
The new ψ however is not a solution of Schro¨dinger equation. To be a solution the action
of boost on ψ is redefined as:
TB(~b)ψ(~x) = exp(−im~v.~x+
i
2
m~v2t)ψ(B(−~v)(~x, t)). (2.7)
The new ψ is another solution of Schro¨dinger equation and as it is expected, it represents a
plane wave with new energy and momentum in boosted coordinate set:
~P → ~P +m~v, E → (
~P +m~v)2
2m
. (2.8)
Now a new problem arises and according to transformation (2.7), TP (b) and TB(~v) do not
commute:
TP (b)TB(~v) = TP (b)TB(~v) exp(im~v.~b). (2.9)
So, to realize a proper transformation of solutions of Schro¨dinger equation it has been found
that boost and translation in space should not commute and thereby central extension of
Schro¨dinger algebra emerges:
[Bi, Pj] = Mδij. (2.10)
To realize this central charge as a generator a new coordinate ξ is borrowed and a new field
φ is defined which is a Fourier transform of ψ with respect to mass [38]:
ψ(~x, t) =
1√
2pi
∫
R
dξe−imξφ(ξ, ~x, t) (2.11)
Now, Schro¨dinger equation for ψ in Rd,1 space turns to Klein-Gordon equation for φ in Rd+1,1
space:
2
∂2φ
∂t∂ξ
+∇2φ = 0. (2.12)
Metric for this space is:
ds2 = 2dtdξ + ~dx. ~dx (2.13)
Under boost transformation ξ now transforms as:
ξ → ξ + ~v.~x− 1
2
~v.~vt. (2.14)
The action of algebra on φ(ξ, x, t) now reads as:
B = −t∂x + x∂ξ, M = ∂ξ,
D = −2t∂t− x∂x + ∆, K = −2t2∂t − 2tx∂x + x2∂ξ − 2∆t.
(2.15)
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in which ∆ is scaling weight. The set of operators H, D and K form an SL(2, R) algebra. So,
the algebra can be extended in this direction to form Schro¨dinger-Virasoro algebra [41]. The
central charge then needs to be extended as well and then we have a new set of operators
for M. The infinite extended algebra then can be realized as:
T n = −tn+1∂t − (n+ 1)
2
tnx∂x − (n+ 1)
2
∆tn +
n(n+ 1)
4
tn−1x2∂ξ
P q = −tq+1∂x + (q + 1)tqx∂ξ
Mn = tn∂ξ
(2.16)
in which n ∈ Z and q ∈ Z+ 1
2
. The non-vanishing commutators of these generators are:
[Tm, T n] = (m− n)Tm+n [Tm, P q] = (m
2
− q)Pm+q
[Tm,Mn] = −nMm+n, [P p, P q] = (p− q)Mp+q
(2.17)
Now consider a scaling field with a weight ”h”. Borrowing state-operator correspondence
from CFT for scaling fields we expect
T 0|h〉 = h|h〉 (2.18)
Now, Eq. (2.17) suggests other operators play the ladder role. For a conclusive study on
representations, Kac determinants etc. see [35,36].
3 Conformal Galilean Algebra
Conformal Galilean algebra (CGA) was found in [17] and then was rediscovered in [18] and
independently in [19]. In d dimension this algebra can be obtained from contraction of
conformal algebra. In contraction we let:
x→ x/c t→ t c→∞ (3.1)
Under such contraction, Poincare transformations reduces to Galilean transformation and
conformal symmetry reduces to CGA. Physically we expect it means investigating a system
under conformal symmetry in low speed or energy. The algebra consists of:
Pi = −∂xi , Ki = −t∂xi , Fi = −t2∂xi ,
H = −∂t , D = −(t∂t + x∂x), C = −(2tx∂x + t2∂t),
Jij = −xi∂xj + xj∂xi .
(3.2)
In 2+1 dimensions the algebra admits a central charge Ξ [31]
[Ki, Kj] = Ξij, [Pi, Fj] = −2Ξij ; i, j = 1, 2, (3.3)
which is called exotic in the literature. The physical significance of this charge and its
representation theory has been of interest [33]- [34].
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Dilations operator ”D” and two other operators (C and H) obey SL(2,R) commutation
relations. The algebra can be extended in this direction and similar to the Schro¨dinger one
we have a Virasoro like extension of CGA which is called full CGA in the literature:
T n = −tn+1∂t − (n+ 1)tnxi∂xi ,
P ni = −tn+1∂xi
Jij = −xi∂xj + xj∂xi .
(3.4)
In 1+1 we can obtain this algebra from contracting CFT2 generators [27]. Consider elements
of Virasoro algebra in complex plane (1.2). Now, under contraction (3.1) and redefining
operators as:
T n = Ln + L
n
P n =
1
c
(Ln − Ln)
(3.5)
we end up with full CGA in (3.4). Now, consider central charges of CFT2 in (1.2). Under
contraction limit we are left with new charges for full CGA [13,37]:
[Tm, T n] = (m− n)Tm+n + 1
12
CTm(m
2 − 1)δm,−n,
[Pm, P n] = 0,
[Tm, P n] = (m− n)Tm+n + 1
12
CPm(m
2 − 1)δm,−n,
(3.6)
Through this contraction L0 and L¯0 go to T
0 and P 0. Now if we suppose that as the
generators, representations of full CGA can be obtained from contracting the representations
of CFT2 too, then we are done with quantizing CGA. Generally when an algebra is contracted
there is no necessity that its representations as well can be contracted to yield representations
of the obtained algebra. For CGA however, this is the case. To find justifications in this
regard see [42]. Under such procedure, representations with charges as CT and CP in CGA
are obtained from representations of CFT with charges equal to:
CT =
CR + CL
2
,
CP =
CL − CR
2c
.
(3.7)
All other interesting elements such as null vector, Kac determinant etc. can be inherited
from CFT2 through contraction [42].
4 The general class of l Galilei Algebra
Schro¨dinger algebra and CGA belong to a general class of non-relativistic algebras named
l Galilei algebra. This algebra has been derived from a phenomenological approach by Henkel
[18] and from algebraical view by Negro et al. [19]. If we look for an algebra which let global
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conformal transformation of time, an scale invariance in space and as well phenomenological
considerations we end up with an algebra produced by generators:
H = −∂t , C = −(2ltx∂x + t2∂t), D = −(t∂t + lx∂x)
P qi = (−t)q∂xi , Jij = −xi∂xj + xj∂xi .
(4.1)
where l ∈ N
2
and q = 0, ..., 2l. These operators produce transformations as:
~x→ R~x+ t
2l~c2l + ...+ t~c1 + ~c0
(γt+ δ)2l
t→ αt+ β
γt+ δ
(4.2)
where R ∈ SO(d),~cn ∈ R and αδ − βγ = 1. Dilation operator produces an anisotropic
rescaling of space and time:
~x→ λx t→ λzt, (4.3)
where z = 1
l
. Schro¨dinger algebra is the first element of this class or l = 1
2
. The second
element l = 1 is CGA. Other elements are not well-known as their former ones. Non-zero
commutators of the algebra reads as:
[D,H] = H, [D,C] = −C, [C,H] = 2D,
[Jij, P
q
k ] = δikP
q
j − δjkP qi [H,P qi ] = −qP q−1i , [D,P qi ] = (l − q)P qi ,
[C,P qi ] = (2l − q)P q+1. [Jij, Jkl] = δikJjl + δjlJik − δilJjk − δjkJil.
(4.4)
In all elements of this class of symmetries still H,D and C form an SL(2, R) algebra.
So, we can have a loop-algebra-like infinite extension in this direction:
T n = −tn+1∂t− l(n+ 1)tnxi∂i,
P qi = −tq+l∂i,
Jnij = −tn(xi∂j − xj∂i)
(4.5)
in which n ∈ Z and q ∈ Z + l. Since P q act basically on space we have called them spatial
operators in this note. To distinguish T n generators we have called them temporal ones.
These generators produce the following algebra:
[Tm, T n] = (m− n)Tm+n, [Tm, Jnij] = −nJnij,
[Tm, P qi ] = (lm− q)Pm+qi , [Jmij , P qk ] = δikPm+qj − δjkPm+qi ,
[Jmij , J
n
kl] = δikJ
m+n
jl + δjlJ
m+n
ik − δilJm+njk − δjkJm+nil ,
(4.6)
Note that the finite subalgebra (4.4) can be reached via elements with m = 0,±1 and
q = −l.− l + 1, ..., l − 1, l in (4.5).
Investigating central extension for these algebras, it has been suggested that only two
forms of central extension can exist [45]. For any d and half integer l we can have a charge
as
[P pi , P
q
j ] = I
pqδijM, (4.7)
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in which Ipq is an antisymmetric tensor. This is an extension of the mass charge for all half
integer elements of l-Galilei algebra. For d = 2 and integer l we can have an extension of
Exotic charge:
[P pi , P
q
i ] = I
pqijΞ. (4.8)
where Ipq is symmetric now. Though these charges have been suggested as the most general
case for all elements of l-Galilei algebra, if we look at the case of CGA we find that other
forms of the central charges can exist in 1+1. Now, we follow on to check if we can find
different charges for theses algebras in 1+1. This dimension is unique since we have no
rotation and theorem presented in [45] does not apply.
Concerning the central charge basically we can have three forms of central extension:
1:An extension in which the charge is outcome of commutators of temporal operators which
we call T charge.
2:Another extension that let the charge results from commutating temporal and spatial
operators which we have called a B charge in this note.
3:A charge that can be an outcome of commutators of spatial operators. Since Schro¨dinger
algebra’s mass central charge belongs to this category, we have called them M charge.
The T charge trivially exist for any element of the l-Galilei class. It comes from the fact
that for these algebras the temporal generators always form a SL(2, R) subalgebra. So, we
have:
[Tm, T n] = (m− n)Tm+n + 1
12
CTm(m
2 − 1)δm+n,0. (4.9)
Now, let’s follow on to investigate if a charge can be obtained through commutation of Tm
and P q for arbitrary l. We have two forms of l: half integer l and integer l.
Case 1a: Integer l for B central charge
We should consider that we have such charge for CGA (3.6) which belongs to l = 1 of
l-Galilei class. Now, one may wonder if such charge can be defined for other elements of the
class. We desire the central charge obeys the equation:
[Tm, P n] = (lm− n)Pm+n + CBf(m)δm+n,0. (4.10)
Now, let’s write Jacobi identity:
[[Tm, T n], P q] + [[T n, P q], Tm] + [[P q, Tm], T n] = 0. (4.11)
It leads to the following equation for the central charge:
[(m− n)f(m+ n) + (q − ln)f(m) + (lm− q)f(n)]CBδm+n+q,0 = 0, (4.12)
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and thereby:
(m− n)f(m+ n)− ((l + 1)n+m)f(m) + ((l + 1)m+ n)f(n) = 0. (4.13)
Now, one can easily check that if we suppose f is a polynomial function then we will have
two choices. For l = 1 we have CGA choice or
f(m) = am+ bm3. (4.14)
For other integer l we only have a choice as f(m) = am. So, for l > 1 we are left with the
following possibility:
[Tm, P q] = (lm− q)Pm+q + CBmδm+q,0. (4.15)
At first it seems that we have figured a new charge, but actually this charge can be absorbed
in P 0 via redefinition P 0 + CB
l+1
→ P 0.
Case 1b: Half integer l for B central charge
While temporal operators are indexed by integer numbers, spatial operators are indexed
by half integer numbers. So, one may seek a central charge as
[Tm, P q] = (lm− n)Pm+q + CBf(m)δm+2zq,0, (4.16)
in which z is an integer number. Now, let’s see if Jacobi identity are satisfied by this equation.
We desire
[[Tm, T n], P q] + [[T n, P q], Tm] + [[P q, Tm]T n] = 0, (4.17)
which reduces to:
(m− n)f(m+ n)δ(m+n+2qz),0 + (q − ln)f(m)δm+2zn+2zq,0 + (lm− q)f(m+ q)δn+2zq+2zm,0 = 0.(4.18)
Now, we choose m = −2qz − n and thereby we have:
(2qz − 2n)f(−2qz) + (q − ln)f(−2qz − n)δn(2z−1),0
− (l(2qz + n)− q)f(−2qz − n+ q)δn+2z(q−2qz−n),0 = 0.
(4.19)
This equation should hold for any ”n”. So, we have no choice but f(−2qz) = 0. Thereby
any form of central charge as equation (4.16) is impossible.
As it can be seen the supposed to be B charge only exist for l = 1. Now, we follow
to investigate if the algebras admit central extension for commutators of spatial operators.
Inspired by Schro¨dinger mass central extension we have called such extension as M charge
in this note.
Case 2a: M Charge for infinite-extended l-Galilei algebra
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Schro¨dinger algebra has a M charge for commutators of its spatial operators B and P
(2.10). In the compact form of equation (4.5) for this charge we have:
[P
1
2 , P−
1
2 ] = M. (4.20)
One may expect an extension as
[P q, P r] = Mf(q)δq+r,0 (4.21)
for infinite extended algebra. The Schro¨dinger-Virasoro however has a different form of M
charge in (2.17). Instead of having only one operator to embed mass charge to infinite
extension of Schro¨dinger algebra we need to define an infinite set of operators (2.16). To
observe that a central extension as of (2.16) can’t hold for any element of the l-Galilei class
we write Jacobi identity for it:
[[Tm, P q], P r] + [[P q, P r], Tm] + [[P r, Tm], P q] = 0. (4.22)
Plugging M charge from (4.21) leads to equation:
f(m+ q) = −(lm+m+ q)
(lm− q) f(q). (4.23)
Now, we try to interpret f(q + 2) in terms of f(q). In one hand we have:
f(q + 2) =
l + 1 + (q + 1)
q + 1− l f(q + 1) =
l + 1 + (q + 1)
q + 1− l
l + 1 + q
q − l f(q) (4.24)
and in the other hand we have:
f(q + 2) =
2l + 2 + q
q − 2l f(q). (4.25)
So, we are left with the following constraint:
l + 1 + (q + 1)
q + 1− l
l + 1 + q
q − l =
2l + 2 + q
q − 2l , (4.26)
which trivially can’t be held by different values of q. So, any extension as of (4.21) for infinite
extended algebra is impossible. The only possibility is to have an infinite set of generators.
Inspired by Schro¨dinger-Virasoro algebra we can write such charge as:
[Tm, P q] = (lm− q)Pm+q
[Tm,Mn] = −nMm+n,
[P p, P q] = (p− q)Mp+q.
(4.27)
Case 2b: M Charge for finite l-Galilei algebra
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We observed that for infinite extended algebra the constraint of Eq. (4.26) can’t be held
and a central charges as of Eq. (4.21) is impossible. For finite algebra however we always can
save this charge from Jacobi identity constraint. For finite algebra in Eq. (4.23), ”m” only
can take the values of 0 and ±1. So, f(q + 1) can be expressed in terms of f(q) and since
q ranges from −l to l, in agreement with holographic studies [24] we find that the central
charge needs to be expressed as:
[P−l+i, P r] = M(−1)i i!(2l − i)!
(2l)!
δ−l+i+r,0. (4.28)
For integer l we have a choice of i = l anr r = 0. Through this choice we find that for integer
l we need to set M = 0. Thereby such extension is only possible for half-integer l. For l = 1
2
or Schro¨dinger algebra this charge is nothing but the well-known mass central charge.
5 Concluding Remarks
Despite conformal symmetries which are recognized as symmetries to describe critical phe-
nomena at equilibrium, the non-relativistic ones have been suggested to describe either
dynamics of critical phenomena in some regimes or strongly anisotropic systems (see for
example [7, 41] and references therein). In this regard the dynamical index z = 1
l
expresses
either ”How space is different from time” or ”How two directions are anisotropic in space”.
Many models have been suggested for Schro¨dinger algebra ( [41]) which is identified by l = 1
2
.
Two-point correlators identified by l = 4 symmetry have been suggested to find application
in describing a certain multicritical point called ”Lifshitz point” in [18]. As well application
of this symmetry has been suggested for ANNNI model in [43]. For discussion on l = 6
see [7].
In our work we tried to go one step ahead to know l-Galilei algebras. The detailed of our
discussion can be summarized as:
1. The T charge trivially exists for any element of the class.
2. A form of central extension as of B charge only holds for l = 1.
3. A regular central extension as of M charge is impossible for infinite-extended algebras.
An extended form of mass charge used in Schro¨dinger-Virasoro algebra however is
possible for all elements of the class.
4. Though a regular extension for mass charge is impossible for infinite-extension of any
element of the class, it is however possible for finite algebras of half integer l.
We investigated possibilities for central extension of all elements of l-Galilei class in 1+1.
The case of 1+1 is important since CFT, Schro¨dinger-Virasoro algebra and CGA have found
solution there. So, there is more chance that we know other elements of the class in this
dimension.
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